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ON SEMITOPOLOGICAL α-BICYCLIC MONOID
SERHIY BARDYLA
Abstract. In this paper we consider a semitopological α-bicyclic monoid Bα and prove that it is alge-
braically isomorphic to a semigroup of all order isomorphisms between the principal upper sets of the
ordinal ωα. We prove that for every ordinal α for every (a, b) ∈ Bα if either a or b is a non-limit ordinal
then (a, b) is an isolated point in Bα. We show that for every ordinal α < ω + 1 every locally compact
semigroup topology on Bα is discrete. However, we construct an example of a non-discrete locally com-
pact topology τlc on Bω+1 such that (Bω+1, τlc) is a topological inverse semigroup. This example shows
that there is a gap in [16, Theorem 2.9], where is stated that for every ordinal α there is only discrete
locally compact inverse semigroup topology on Bα.
In this paper all topological spaces are assumed to be Hausdorff. By N we denote the set of all
positive integers. A semigroup S is called inverse if for every x ∈ S there exists a unique y ∈ S such
that xyx = x and yxy = y. Later such an element y will be denoted by x−1 and will be called the
inverse of x. The map inv : S → S which assigns to every s ∈ S its inverse is called inversion. By ω we
denote the first infinite ordinal. A topological (inverse) semigroup is a topological space together with a
continuous semigroup operation (and an inversion, respectively). Obviously, the inversion defined on a
topological inverse semigroup is a homeomorphism. If S is a semigroup (an inverse semigroup) and τ is
a topology on S such that (S, τ) is a topological (inverse) semigroup, then we shall call τ an (inverse)
semigroup topology on S. A semitopological semigroup is a topological space together with a separately
continuous semigroup operation. Let f be a map between two partial ordered sets (A,≤A) and (B,≤B),
then we shall call f monotone if for every a, b ∈ A if a ≤A b then f(a) ≤B f(b). We shall call f an
order isomorphism if f is a monotone bijection and its inverse map f−1 is also monotone.
For a partially ordered set (A,≤), for an arbitrary X ⊂ A and x ∈ A we write:
1) ↓X = {y ∈ A : there exists x ∈ X such that y ≤ x};
2) ↑X = {y ∈ A : there exists x ∈ X such that x ≤ y};
3) ↓x = ↓{x};
4) ↑x = ↑{x};
5) X is a lower set if X = ↓X ;
6) X is an upper set if X = ↑X ;
7) X is a principal lower set if X = ↓x for some x ∈ X ;
8) X is a principal upper set if X = ↑x for some x ∈ X .
The bicyclic monoid B(p, q) is the semigroup with the identity 1 generated by two elements p and q
subjected only to the condition pq = 1. The distinct elements of B(p, q) are exhibited in the following
useful array
1 p p2 p3 · · ·
q qp qp2 qp3 · · ·
q2 q2p q2p2 q2p3 · · ·
q3 q3p q3p2 q3p3 · · ·
...
...
...
...
. . .
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and the semigroup operation on B(p, q) is defined as follows:
qkpl · qmpn = qk+m−min{l,m}pl+n−min{l,m}.
It is well known that the bicyclic monoid B(p, q) is a bisimple (and hence simple) combinatorial E-
unitary inverse semigroup and every non-trivial congruence on B(p, q) is a group congruence [8]. Also,
a classic Andersen Theorem states that a simple semigroup S with an idempotent is completely simple
if and only if S does not contain an isomorphic copy of the bicyclic semigroup (see [1] and [8, The-
orem 2.54]). Observe that the bicyclic monoid can be represented as a semigroup of isomorphisms
between principal upper sets of partially ordered set (N,≤) (see [21]). The bicyclic semigroup admits
only the discrete semigroup topology and if a topological semigroup S contains it as a dense subsemi-
group then B(p, q) is an open subset of S (see [9]). In [6] and [10] this result was extended for the case of
semitopological semigroups and generalized bicyclic semigroup respectively. The problem of embedding
of the bicyclic monoid into compact-like topological semigroups was discussed in [2], [3], [12]. Also,
in [9] was described the closure of the bicyclic monoid B(p, q) in a locally compact topological inverse
semigroup. In [11] was proved that a Hausdorff locally compact semitopological bicyclic semigroup with
adjoined zero 0 is either compact or discrete.
Among the other natural generalizations of bicyclic semigroup the polycyclic monoids and α-bicyclic
monoids play the major role.
The polycyclic monoids were introduced in [23]. In [4] there was introduced a notion of the λ-
polycyclic monoid, which is a generalization of the polycyclic monoid and it was proved therein that for
every cardinal λ > 1 any λ-polycyclic monoid Pλ can be represented as a subsemigroup of the semigroup
of all order isomorphisms between principal lower sets of the λ-ary tree with adjoined zero. In [18]
and [19] were investigated algebraic properties of the polycyclic monoid. The paper [22] is devoted
to topological properties of the graph inverse semigroups which are the generalization of polycyclic
monoids and it is proved in it that for every finite graph E every locally compact semigroup topology
on the graph inverse semigroup over E is discrete, which implies that for every positive integer n every
locally compact semigroup topology on the n-polycyclic monoid is discrete. Algebraic and topological
properties of the λ-polycyclic monoid were studied in [4] and it was proved therein that for every non-
zero cardinal λ every locally compact semigroup topology on the λ-Polycyclic monoid is discrete. In [5]
the authors investigated the closure of λ-polycyclic monoid in topological inverse semigroups.
However, in this paper we are mostly concerned on the α-bicyclic monoid. This monoid was introduced
in [17]. Let α be an arbitrary ordinal and < be the usual order on α such that a < b iff a ∈ b for every
a, b ∈ α. For every a, b ∈ α we write a ≤ b iff either a = b or a ∈ b. Clearly, ≤ is a partial order on
α. By + we will denote the usual ordinal addition. An ordinal α is said to be prime if it cannot be
represented as a sum of two ordinals which are contained in α. For every ordinals a, b such that a > b
we let c = a− b if a = b+ c. Clearly, for every ordinals a > b there exists a unique ordinal c such that
a = b+ c. For more about ordinals see [20], [25] or [26]. By the α-bicyclic monoid Bα we mean the set
ωα × ωα endowed with the following binary operation:
(a, b) · (c, d) =
{
(a+ (c− b), d), if b ≤ c;
(a, d+ (b− c)), if b > c;
Later on we will write (a, b)(c, d) instead of (a, b) · (c, d).
In [17], there were considered algebraic properties of bisimple semigroups with well-ordered idempo-
tents. In [24], a non-discrete inverse semigroup topology on B2 was constructed. In [15], there were
investigated inverse semigroup topologies on Bα.
Observe that every upper set of arbitrary ordinal α is principal.
By Jրωα we shall denote the semigroup of all order isomorphisms between the principal upper sets of
the ordinal ωα endowed with multiplication of composition of partial maps.
Topological semigroups of partial monotone bijections of linearly ordered sets were investigated in
[7], [13], [14]. In [13] it was proved that every locally compact topology on the semigroup of all
partial cofinite monotone injective transformations of the set of positive integers is discrete. In [7]
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the authors proved that every Baire topology on the semigroup of almost monotone injective co-finite
partial selfmaps of positive integers is discrete. In [14], it was proved that every Baire topology on the
semigroup of all monotone injective partial selfmaps of the set of integers having cofinite domain and
image is discrete. We observe that in [7] and [14], non-discrete non-Baire inverse semigroup topologies
on the corresponding semigroups are constructed.
In this paper we consider a semitopological α-bicyclic monoid Bα and prove that it is algebraically
isomorphic to a semigroup of all order isomorphisms between the principal upper sets of the ordinal
ωα. We prove that for every ordinal α for every (a, b) ∈ Bα if either a or b is a non-limit ordinal then
(a, b) is an isolated point in Bα. We show that for every ordinal α < ω + 1 every locally compact
semigroup topology on Bα is discrete. However, we construct an example of a non-discrete locally
compact topology τlc on Bω+1 such that (Bω+1, τlc) is a topological inverse semigroup. This example
shows that there is a gap in [16, Theorem 2.9], where is stated that for every ordinal α there is only
discrete locally compact inverse semigroup topology on Bα.
Proposition 1. For every ordinal α the semigroup Jրωα of all order isomorphisms between principle
upper sets of the ordinal ωα is isomorphic to the α-bicyclic monoid Bα.
Proof. Observe that every principal upper set of ωα is an interval [a, ωα) for some a ∈ ωα. Define a
map h : Jրωα → Bα in the following way: for an arbitrary order isomorphism f : [a, ω
α) → [b, ωα) put
h(f) = (a, b). Clearly, if there exists an order isomorphism between two intervals [a, ωα) and [b, ωα)
then it is unique. Thus the map h is injective. Since ωα is a prime ordinal for every a, b < ωα the
upper sets [a, ωα) and [b, ωα) of ωα are order isomorphic and hence the map h is surjective. Simple
verifications show that the map h is a homomorphism. 
Lemma 2. Let (Bα, τ) be a semitopological semigroup. Then for every ordinal a ∈ ω
α the elements
(0, a) and (a, 0) are isolated points in (Bα, τ).
Proof. Observe that if e is an idempotent of semitopological semigroup S both eS and Se are retracts
of the space S and hence are closed subsets of S. Since {(0, 0)} = Bα \ ((1, 1)Bα ∪Bα(1, 1)), (0, 0) is an
isolated point in (Bα, τ).
Since (0, a)(a, 0) = (0, 0), the separate continuity of multiplication implies that there exists an open
neighborhood V ((0, a)) such that V ((0, a))(a, 0) = {(0, 0)}. Fix any point (c, d) ∈ V ((0, a)). Then
(c, d)(a, 0) = (0, 0). Hence d = a and c = 0 which implies that V ((0, a)) = {(0, a)}. Thus (0, a) is an
isolated point in (Bα, τ). The proof of the statement that (a, 0) is an isolated point is similar. 
Lemma 3. Let (Bα, τ) be a semitopological semigroup. Then for every element (a, b) ∈ Bα there exists
a clopen neighborhood V ((a, b)) of (a, b) such that the following conditions hold:
1) for every (c, d) ∈ V ((a, b)) c ≤ a and d ≤ b;
2) for every (c, d) ∈ V ((a, b)) a = c if and only if b = d.
Proof. Put V ((a, b)) = {x ∈ S : (0, a)x = (0, b)}. Observe that, by Lemma 2, (0, b) is an isolated
point of the space Bα. Since (0, a)(a, b) = (0, b), the separate continuity of the multiplication in Bα
implies that V (a, b) is a clopen neighborhood of the point (a, b). Fix any element (c, d) ∈ V ((a, b)).
Then (0, a)(c, d) = (0, b). Clearly, the above equality holds in the only case when c ≤ a. Hence
(0, a)(c, d) = (0, d + (a − c)) = (0, b) and since d + (a − c) = b we get that d ≤ b. Moreover, if a = c
then (0, a)(c, d) = (0, d) = (0, b) and hence b = d. 
Lemma 3 implies the following corollary:
Corollary 4. Let (Bα, τ) be a semitopological semigroup. Then for every finite ordinals n,m the element
(n,m) is an isolated point in the space (Bα, τ).
Lemma 5. Let (Bα, τ) is a semitopological semigroup. For every distinct ordinals a, b < α (ω
a, ωb) is
an isolated point in (Bα, τ).
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Proof. First we consider the case when a < b. Since (0, ωa)(ωa, ωb) = (0, ωb), Lemma 2 and separate con-
tinuity of the semigroup operation in (Bα, τ) imply that there exists an open neighborhood V ((ω
a, ωb))
of (ωa, ωb) in (Bα, τ) such that (0, ω
a)V ((ωa, ωb)) = {(0, ωb)} and for the neighborhood V ((ωa, ωb)) the
conditions of Lemma 3 hold. Then (0, ωa)(c, d) = (0, d+ (ωa − c)) = (0, ωb) for every (c, d) ∈ V ((a, b)).
Hence d+ (ωa − c) = d+ ωa = ωb, but this equation is true only if ωa = ωb, a contradiction.
In the case when a > b the proof is similar. 
By [26, Theorem 17] each ordinal α has Cantor’s normal form, that is α = n1ω
β1+n2ω
β2+ ...+nkω
βk ,
where ni are positive integers and β1, β2, ..., β3 is a decreasing sequence of ordinals.
Lemma 6. Let (Bα, τ) be a semitopological semigroup, a = n1ω
β1 + n2ω
β2 + ... + nkω
βk, b = m1ω
γ1 +
m2ω
γ2 + ... +mtω
γt be Cantor’s normal forms of the ordinals a and b respectively. If (a, b) ∈ Bα and
(ωβk , ωγt) is an isolated point in (Bα, τ) then (a, b) is an isolated point in the space (Bα, τ).
Proof. Suppose that (ωβk , ωγt) is an isolated point in (Bα, τ). Put a
∗ = n1ω
β1 +n2ω
β2 + ...+(nk−1)ω
βk
and b∗ = m1ω
γ1+n2ω
γ2+...+(nt−1)ω
γt . Then (0, a∗)(a, b)(b∗, 0) = (ωβk , ωγt). The separate continuity of
the multiplication in (Bα, τ) implies that there exists an open neighborhood V ((a, b)) of (a, b) such that
(0, a∗)V ((a, b))(b∗, 0) = {(ωβk , ωγt)}. Fix any element (c, d) ∈ V ((a, b)). Obviously, (0, a∗)(c, d)(b∗, 0)
can be equal to (ωβk , ωγt) only if a∗ ≤ c and b∗ ≤ d. Then (0, a∗)(c, d)(b∗, 0) = (c−a∗, d−b∗) = (ωβk , ωγt),
which implies that c = a and d = b. Hence V ((a, b)) = {(a, b)}. 
Proposition 7. Let (Bα, τ) be a semitopological semigroup and a be a non-limit ordinal. Then for every
ordinal b ∈ ωα both (a, b) and (b, a) are isolated points in the space (Bα, τ).
Proof. Corollary 4 and Lemma 6 imply that both points (a, b) and (b, a) are isolated in (Bα, τ) provided
that b is a non-limit ordinal. Hence it is sufficient to consider the case when b is a limit ordinal.
Suppose to the contrary that (a, b) is a non-isolated point in (Bα, τ). Since (a, b)(b, 0) = (a, 0), the
separate continuity of multiplication in (Bα, τ), Lemmas 2 and 3 imply that there exists an open
neighborhood V ((a, b)) of (a, b) satisfying the conditions of Lemma 3 such that V ((a, b))(b, 0) = {(a, 0)}.
Fix an arbitrary element (c, d) ∈ V (a, b) \ {(a, b)}. Then (c, d)(b, 0) = (c + (b − d), 0) = (a, 0). Hence
a = c + (b − d), but since b is a limit ordinal, b − d is also a limit ordinal. Then c + (b − d) is a limit
ordinal which contradicts to the assumption that a is a non-limit ordinal. The proof of the statement
that (b, a) is an isolated point in (Bα, τ) is similar. 
Theorem 8. For each α < ω + 1 every locally compact topological α-bicyclic semigroup (Bα, τ) is
discrete.
Proof. Lemmas 5 and 6 imply that if each idempotent (ωa, ωa) of the (Bα, τ) is an isolated point then
τ is discrete.
It is obvious that the subset {(n,m) : n,m < ω}∪{ω, ω} with the semigroup operation induced from
Bα is isomorphic to the bicyclic semigroup with adjoined zero. Then by Lemma 3 and [11, Corollary
1], (ω, ω) is an isolated point in (Bα, τ).
Suppose (Bα, τ) is a non-discrete semigroup. Let m be the smallest positive integer such that
(ωm, ωm) is a non isolated idempotent of (Bα, τ). We remark that by our assumption Lemmas 5
and 6 imply that {(a, b) : a, b < ωm} is a discrete subsemigroup of (Bα, τ) which is algebraically iso-
morphic to Bm. By Lemma 3 there exists a clopen compact neighborhood W ((ω
m, ωm)) of (ωm, ωm)
such that W ((ωm, ωm)) ⊂ Bm ∪ {(ω
m, ωm)}. The continuity of the multiplication in (Bα, τ) implies
that there exists a compact open neighborhood V ((ωm, ωm)) ⊆ W ((ωm, ωm)) of (ωm, ωm) such that
(0, 0) /∈ V 2((ωm, ωm)). Since V ((ωm, ωm)) is compact and (ωm, ωm) is the only non-isolated point
in V ((ωm, ωm)), we see that (ωm, ωm) is a limit point of every infinite sequence xn ∈ V ((ω
m, ωm))
consisting of mutually distinct elements.
For an arbitrary element (y, 0) ∈ Bm put
X(y,0) = {(0, x) : (y, 0)(0, x) = (y, x) ∈ V }.
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Suppose that there exists an element (y, 0) ∈ Bm for which the set X(y,0) is infinite. Let X(y,0) =
{(0, xk) : k ∈ N} be an enumeration of the set X(y,0). Observe that
(ωm, ωm) = lim
k→∞
((y, 0)(0, xk)) = lim
k→∞
(y, xk).
Then for every ordinal z < ωm
lim
k→∞
(z, xk) = (ω
m, ωm),
because
(ωm, ωm) = (z, y)(ωm, ωm) = (z, y) lim
k→∞
(y, xk) = lim
k→∞
((z, y)(y, xk)) = lim
k→∞
(z, xk)
For every k ∈ N let ck be the smallest ordinal such that (xk, ck) ∈ V ((ω
m, ωm)). Since (0, 0) /∈
V 2((ωm, ωm)), there exists k0 ∈ N such that ck 6= 0 for every k > k0. Observe that (ω
m, ωm) is a
zero of Bm. The continuity of the multiplication in (Bα, τ) implies that there exists an open compact
neighborhood O((ωm, ωm)) ⊆ V ((ωm, ωm)) such that
O((ωm, ωm))(1, 0) ∪O((ωm, ωm))(ω, 0) ∪ .. ∪ O((ωm, ωm))(ωm−1, 0) ⊆ V ((ωm, ωm)).
But then there exists an infinite discrete space {(xk, ck) : k ∈ N} ⊂ V ((ω
m, ωm)) \ O((ωm, ωm)), which
contradicts the compactness of V ((ωm, ωm)). The obtained contradiction implies that X(y,0) is a finite
set for every element (y, 0) ∈ Bm.
Since V ((ωm, ωm)) is infinite, there exist an infinite set A = {(yn, 0) : n ∈ N} ⊂ Bm such that
X(yn,0) 6= ∅. For an arbitrary element (yn, 0) ∈ A by (0, zyn) we denote an element of X(yn,0) with
the greatest second coordinate. Clearly that {(yn, 0)(0, zyn) = (yn, zyn)} is an infinite sequence of
V ((ωm, ωm)). Then we have that
lim
n→∞
(yn, zyn) = (ω
m, ωm).
However,
(ωm, ωm) = (ωm, ωm)(0, ωm−1) = lim
n→∞
(yn, zyn)(0, ω
m−1) =
= lim
n→∞
(yn, ω
m−1 + zyn) 6= (ω
m, ωm),
because ωm−1 + zyn > zyn , which contradicts the continuity of the multiplication in (Bα, τ). Hence
(Bα, τ) is a discrete semigroup.

However, the following example shows that there exists a non-discrete locally compact topology τlc
on the Bω+1 such that (Bω+1, τlc) is a topological inverse semigroup.
Example 9. We define the topology τlc in the following way: all points distinct from (nω
ω, mωω) for
some positive integers n,m are isolated, and the family B((nωω, mωω)) = {Uk((nω
ω, mωω)) : k ∈ N}
forms a base of the topology τlc at the point (nω
ω, mωω), where
Uk((nω
ω, mωω)) = {((n− 1)ωω + ωt, (m− 1)ωω + ωt) : t > k} ∪ {(nωω, mωω)}.
Clearly, τlc is a Hausdorff topology on Bω+1. Since every open basic neighborhood of an arbitrary non
isolated point (nωω, mωω) is compact, τlc is locally compact.
It is obvious that for every positive integer k
inv(Uk(nω
ω, mωω)) = Uk(mω
ω, nωω).
Hence the inversion is continuous in (Bω+1, τlc).
Let a < ωω+1 be an arbitrary ordinal. Below it will be convenient to use the following trivial
modification of the Cantor’s normal form of the ordinal a:
a = n1ω
ω + n2ω
t2 + .. + npω
tp,
where n1 is a non negative integer, n2, .., np are positive integers and ω, t2, t3, .., tp is a decreasing sequence
of ordinals.
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It is sufficient to check the continuity of the multiplication at the point ((a, b), (c, d)) ∈ Bω+1 × Bω+1
when at least one of the points (a, b) or (c, d) is non-isolated in (Bω+1, τlc). Hence there are three cases
to consider:
(1) (n1ω
ω, m1ω
ω)(nωω, mωω), where n,m, n1, m1 ∈ N;
(2) (a, b)(nωω, mωω), where (a, b) is an isolated point in (Bω+1, τlc), n,m ∈ N;
(3) (nωω, mωω)(a, b), where (a, b) is an isolated point in (Bω+1, τlc), n,m ∈ N;
Suppose that case (1) holds, then we obtain the multiplication of the form
(n1ω
ω, m1ω
ω)(nωω, mωω).
It has the following three subcases:
(1.1) if m1 < n then (n1ω
ω, m1ω
ω)(nωω, mωω) = ((n1 + n−m1)ω
ω, mωω);
(1.2) if m1 = n then (n1ω
ω, m1ω
ω)(nωω, mωω) = (n1ω
ω, mωω);
(1.3) if m1 > n then (n1ω
ω, m1ω
ω)(nωω, mωω) = (n1ω
ω, (m+m1 − n)ω
ω).
Consider subcase (1.1). Let Uk(((n1 + n −m1)ω
ω, mωω)) be a basic open neighborhood of ((n1 + n −
m1)ω
ω, mωω). Then we state that
Uk((n1ω
ω, m1ω
ω))Uk((nω
ω, mωω)) ⊆ Uk(((n1 + n−m1)ω
ω, mωω)).
Indeed, fix any elements
((n1 − 1)ω
ω + ωt, (m1 − 1)ω
ω + ωt) ∈ Uk((n1ω
ω, m1ω
ω))
and
((n− 1)ωω + ωp, (m− 1)ωω + ωp) ∈ Uk((nω
ω, mωω)).
Then
((n1 − 1)ω
ω + ωt, (m1 − 1)ω
ω + ωt)((n− 1)ωω + ωp, (m− 1)ωω + ωp) =
((n1 − 1)ω
ω + ωt + ((n− 1)ωω + ωp − ((m1 − 1)ω
ω + ωt)), (m− 1)ωω + ωp) =
((n1 − 1)ω
ω + ωt + ((n− 1−m1 + 1)ω
ω + ωp), (m− 1)ωω + ωp) =
((n1 − 1 + n− 1−m1 + 1)ω
ω + ωp, (m− 1)ωω + ωp) =
((n1 + n−m1 − 1)ω
ω + ωp, (m− 1)ωω + ωp) ∈ Uk(((n1 + n−m1)ω
ω, mωω)).
Consider subcase (1.2). Then m1 = n. Let Uk((n1ω
ω, mωω)) be a basic open neighborhood of
(n1ω
ω, mωω). Then we state that
Uk((n1ω
ω, nωω))Uk((nω
ω, mωω)) ⊆ Uk((n1ω
ω, mωω)).
Indeed, fix any elements
((n1 − 1)ω
ω + ωt, (n− 1)ωω + ωt) ∈ Uk((n1ω
ω, nωω))
and
((n− 1)ωω + ωp, (m− 1)ωω + ωp) ∈ Uk((nω
ω, mωω)).
If p > t then
((n1 − 1)ω
ω + ωt, (n− 1)ωω + ωt)((n− 1)ωω + ωp, (m− 1)ωω + ωp) =
((n1 − 1)ω
ω + ωt + ((n− 1)ωω + ωp − ((n− 1)ωω + ωt)), (m− 1)ωω + ωp) =
((n1 − 1)ω
ω + ωt + (ωp − ωt), (m− 1)ωω + ωp) =
((n1 − 1)ω
ω + ωp, (m− 1)ωω + ωp) ∈ Uk((n1ω
ω, mωω)).
If p = t then we have the following:
((n1 − 1)ω
ω + ωp, (n− 1)ωω + ωp)((n− 1)ωω + ωp, (m− 1)ωω + ωp) =
((n1 − 1)ω
ω + ωp, (m− 1)ωω + ωp) ∈ Uk((n1ω
ω, mωω)).
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If p < t then
((n1 − 1)ω
ω + ωt, (n− 1)ωω + ωt)((n− 1)ωω + ωp, (m− 1)ωω + ωp) =
((n1 − 1)ω
ω + ωt, (m− 1)ωω + ωp + ((n− 1)ωω + ωt − ((n− 1)ωω + ωp))) =
((n1 − 1)ω
ω + ωt, (m− 1)ωω + ωp + (ωt − ωp)) =
((n1 − 1)ω
ω + ωt, (m− 1)ωω + ωt) ∈ Uk((n1ω
ω, mωω)).
Consider subcase (1.3). In this subcase we have that m1 > n.
Let Uk((n1ω
ω, (m+m1 − n)ω
ω)) be a basic open neighborhood of (n1ω
ω, (m+m1 − n)ω
ω).
Then we state that
Uk((n1ω
ω, m1ω
ω))Uk((nω
ω, mωω)) ⊆ Uk((n1ω
ω, (m+m1 − n)ω
ω)).
Indeed, fix any elements
((n1 − 1)ω
ω + ωt, (m1 − 1)ω
ω + ωt) ∈ Uk((n1ω
ω, m1ω
ω))
and
((n− 1)ωω + ωp, (m− 1)ωω + ωp) ∈ Uk((nω
ω, mωω)).
Then
((n1 − 1)ω
ω + ωt, (m1 − 1)ω
ω + ωt)((n− 1)ωω + ωp, (m− 1)ωω + ωp) =
((n1 − 1)ω
ω + ωt, (m− 1)ωω + ωp + ((m1 − 1)ω
ω + ωt − ((n− 1)ωω + ωp))) =
((n1 − 1)ω
ω + ωt, (m− 1)ωω + ωp + ((m1 − 1− n+ 1)ω
ω + ωt)) =
((n1 − 1)ω
ω + ωt, (m+m1 − n− 1)ω
ω + ωt) ∈ Uk((n1ω
ω, (m+m1 − n)ω
ω)).
Hence the continuity of the multiplication in (Bω+1, τlc) holds in case (1).
Consider case (2). It has the following three subcases:
(2.1) a 6= n1ω
ω and b 6= m1ω
ω;
(2.2) a 6= n1ω
ω and b = m1ω
ω;
(2.3) a = n1ω
ω and b 6= m1ω
ω.
Consider subcase (2.1) Let a = n1ω
ω + n2ω
t2 + ..+ npω
tp and
b = m1ω
ω +m2ω
r2 + ..+mcω
rc, (note that n1 and m1 could be equal to 0).
Then we have the following two subcases:
(2.1.1) if m1 < n then
(n1ω
ω + n2ω
t2 + ..+ npω
tp, m1ω
ω +m2ω
r2 + .. +mcω
rc)(nωω, mωω) = ((n1 + n−m1)ω
ω, mωω);
(2.1.2) if m1 ≥ n then
(n1ω
ω + n2ω
t2 + ..+ npω
tp, m1ω
ω +m2ω
r2 + .. +mcω
rc)(nωω, mωω) =
= (n1ω
ω + n2ω
t2 + ..+ npω
tp , (m+m1 − n)ω
ω +m2ω
r2 + ..+mcω
rc);
Let us prove the continuity in subcase (2.1.1). Let Uk(((n1 + n − m1)ω
ω, mωω)) be a basic open
neighborhood of ((n1 + n−m1)ω
ω, mωω). Note that
(n1ω
ω + n2ω
t2 + ..+ npω
tp, m1ω
ω +m2ω
r2 + .. +mcω
rc)
is an isolated point in (Bω+1, τlc). Then we state that
(n1ω
ω + n2ω
t2 + .. + npω
tp, m1ω
ω +m2ω
r2 + ..+mcω
rc)Ur2+t2+k((nω
ω, mωω)) ⊆
⊆ Uk(((n1 + n−m1)ω
ω, mωω)).
Indeed, fix any element
((n− 1)ωω + ωt, (m− 1)ωω + ωt) ∈ Ur2+t2+k((nω
ω, mωω)).
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Then
(n1ω
ω + n2ω
t2 + ..+ npω
tp, m1ω
ω +m2ω
r2 + ..+mcω
rc)((n− 1)ωω + ωt, (m− 1)ωω+
+ ωt) = (n1ω
ω + n2ω
t2 + .. + npω
tp + ((n− 1)ωω + ωt − (m1ω
ω +m2ω
r2 + ..
+mcω
rc)), (m− 1)ωω + ωt) =
= (n1ω
ω + n2ω
t2 + .. + npω
tp + ((n− 1−m1)ω
ω + ωt, (m− 1)ωω + ωt) =
= ((n1 + n−m1 − 1)ω
ω + ωt, (m− 1)ωω + ωt) ∈ Uk(((n1 + n−m1)ω
ω, mωω)).
Hence the continuity of the multiplication in subcase (2.1.1) holds.
Consider subcase (2.1.2). Note that both (n1ω
ω +n2ω
t2 + ..+ npω
tp , m1ω
ω +m2ω
r2 + ..+mcω
rc) and
(n1ω
ω + n2ω
t2 + ..+ npω
tp, (m+m1 − n)ω
ω +m2ω
r2 + ..+mcω
rc) are isolated points in the (Bω+1, τlc).
Then we state that
(n1ω
ω + n2ω
t2 + ..+ npω
tp, m1ω
ω +m2ω
r2 + .. +mcω
rc)U0((nω
ω, mωω)) =
= {(n1ω
ω + n2ω
t2 + ..+ npω
tp, (m+m1 − n)ω
ω +m2ω
r2 + ..+mcω
rc)}.
Indeed, fix any element
((n− 1)ωω + ωt, (m− 1)ωω + ωt) ∈ U0((nω
ω, mωω)).
Then
(n1ω
ω + n2ω
t2 + .. + npω
tp, m1ω
ω +m2ω
r2 + ..+mcω
rc)((n− 1)ωω + ωt, (m− 1)ωω+
+ ωt) = (n1ω
ω + n2ω
t2 + ..+ npω
tp, (m− 1)ωω + ωt + (m1ω
ω +m2ω
r2 + ..+mcω
rc−
− ((n− 1)ωω + ωt))) =
(n1ω
ω + n2ω
t2 + .. + npω
tp, (m− 1)ωω + ωt + ((m1 − n + 1)ω
ω +m2ω
r2 + .. +mcω
rc) =
= (n1ω
ω + n2ω
t2 + .. + npω
tp, (m+m1 − n)ω
ω +m2ω
r2 + .. +mcω
rc).
Hence the continuity of the multiplication in subcase (2.1) holds.
Consider subcase (2.2). Let a = n1ω
ω+n2ω
t2 + ..+npω
tp and b = m1ω
ω. Then we have the following
two subcases:
(2.2.1) if m1 < n then
(n1ω
ω + n2ω
t2 + .. + npω
tp , m1ω
ω)(nωω, mωω) = ((n1 + n−m1)ω
ω, mωω);
(2.2.2) if m1 ≥ n then
(n1ω
ω + n2ω
t2 + .. + npω
tp, m1ω
ω)(nωω, mωω) =
= (n1ω
ω + n2ω
t2 + .. + npω
tp, (m+m1 − n)ω
ω);
Consider subcase (2.2.1). Let Uk(((n1 + n −m1)ω
ω, mωω)) be a basic open neighborhood of ((n1 +
n −m1)ω
ω, mωω). Note that (n1ω
ω + n2ω
t2 + .. + npω
tp , m1ω
ω) is an isolated point in the (Bω+1, τlc).
Then we state that
(n1ω
ω + n2ω
t2 + .. + npω
tp, m1ω
ω)Ut2+k((nω
ω, mωω)) ⊆
⊆ Uk(((n1 + n−m1)ω
ω, mωω)).
Indeed, fix any element
((n− 1)ωω + ωt, (m− 1)ωω + ωt) ∈ Ut2+k((nω
ω, mωω)).
Then
(n1ω
ω + n2ω
t2 + .. + npω
tp, m1ω
ω)((n− 1)ωω + ωt, (m− 1)ωω + ωt) =
= (n1ω
ω + n2ω
t2 + ..+ npω
tp + ((n− 1)ωω + ωt −m1ω
ω), (m− 1)ωω + ωt) =
= (n1ω
ω + n2ω
t2 + ..+ npω
tp + ((n− 1−m1)ω
ω + ωt), (m− 1)ωω + ωt) =
= ((n1 + n−m1 − 1)ω
ω + ωt, (m− 1)ωω + ωt) ∈ Uk(((n1 + n−m1)ω
ω, mωω)).
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Hence the continuity of the multiplication in subcase (2.2.1) holds.
Consider subcase (2.2.2). Note that both (n1ω
ω + n2ω
t2 + ..+ npω
tp, m1ω
ω) and (n1ω
ω + n2ω
t2 + ..+
npω
tp, (m+m1 − n)ω
ω) are isolated points in the (Bω+1, τlc). Then we state that
(n1ω
ω + n2ω
t2 + .. + npω
tp, m1ω
ω)U0((nω
ω, mωω)) =
= {(n1ω
ω + n2ω
t2 + .. + npω
tp, (m+m1 − n)ω
ω)}.
Indeed, fix any element
((n− 1)ωω + ωt, (m− 1)ωω + ωt) ∈ U0((nω
ω, mωω)).
Then
(n1ω
ω + n2ω
t2 + ..+ npω
tp, m1ω
ω)((n− 1)ωω + ωt, (m− 1)ωω + ωt) =
= (n1ω
ω + n2ω
t2 + ..+ npω
tp, (m− 1)ωω + ωt + (m1ω
ω − ((n− 1)ωω + ωt))) =
= (n1ω
ω + n2ω
t2 + ..+ npω
tp, (m− 1)ωω + ωt + ((m1 − n + 1)ω
ω) =
= (n1ω
ω + n2ω
t2 + ..+ npω
tp, (m+m1 − n)ω
ω).
Hence the continuity of the multiplication in subcase (2.2) holds.
Consider subcase (2.3). Let a = n1ω
ω and b = m1ω
ω +m2ω
r2 + ..+mcω
rc .
Then we have the following two subcases:
(2.3.1) if m1 < n then
(n1ω
ω, m1ω
ω +m2ω
r2 + ..+mcω
rc)(nωω, mωω) = ((n1 + n−m1)ω
ω, mωω);
(2.3.2) if m1 ≥ n then
(n1ω
ω, m1ω
ω +m2ω
r2 + ..+mcω
rc)(nωω, mωω) =
= (n1ω
ω, (m+m1 − n)ω
ω +m2ω
r2 + ..+mcω
rc);
Consider subcase (2.3.1). Let Uk(((n1 + n−m1)ω
ω, mωω)) be a basic open neighborhood of ((n1 + n−
m1)ω
ω, mωω). Then we state that
(n1ω
ω, m1ω
ω +m2ω
r2 + ..+mcω
rc)Ur2+k((nω
ω, mωω)) ⊆
⊆ Uk(((n1 + n−m1)ω
ω, mωω)).
Indeed, fix any element
((n− 1)ωω + ωt, (m− 1)ωω + ωt) ∈ Ur2+k((nω
ω, mωω)).
Then
(n1ω
ω, m1ω
ω +m2ω
r2 + ..+mcω
rc)((n− 1)ωω + ωt, (m− 1)ωω + ωt) =
= (n1ω
ω + ((n− 1)ωω + ωt − (m1ω
ω +m2ω
r2 + .. +mcω
rc)), (m− 1)ωω + ωt) =
= (n1ω
ω + ((n− 1−m1)ω
ω + ωt), (m− 1)ωω + ωt) =
= ((n1 + n−m1 − 1)ω
ω + ωt, (m− 1)ωω + ωt) ∈ Uk(((n1 + n−m1)ω
ω, mωω)).
Hence the continuity of the multiplication in subcase (2.3.1) holds.
Now let’s consider the subcase (2.3.2). Note that both (n1ω
ω, m1ω
ω +m2ω
r2 + ..
+mcω
rc) and (n1ω
ω, (m+m1 − n)ω
ω +m2ω
r2 + ..+mcω
rc) are isolated points in the (Bω+1, τlc). Then
we state that
(n1ω
ω, m1ω
ω +m2ω
r2 + ..+mcω
rc)U0((nω
ω, mωω)) =
= {(n1ω
ω, (m+m1 − n)ω
ω +m2ω
r2 + .. +mcω
rc)}.
Indeed, fix any element
((n− 1)ωω + ωt, (m− 1)ωω + ωt) ∈ U0((nω
ω, mωω)).
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Then
(n1ω
ω, m1ω
ω +m2ω
r2 + ..+mcω
rc)((n− 1)ωω + ωt, (m− 1)ωω + ωt) =
= (n1ω
ω, (m− 1)ωω + ωt + (m1ω
ω +m2ω
r2 + .. +mcω
rc − ((n− 1)ωω + ωt))) =
= (n1ω
ω, (m− 1)ωω + ωt + ((m1 − n + 1)ω
ω +m2ω
r2 + ... +mcω
rc) =
= (n1ω
ω, (m+m1 − n)ω
ω +m2ω
r2 + .. +mcω
rc).
Hence continuity of the multiplication holds in case (2).
Since the inversion is continuous in (Bω+1, τlc) and
((a, b)(nωω, mωω))−1 = (mωω, nωω)(b, a)
case (2) implies that the semigroup operation in the case (3) is continuous as well.
Hence (Bω+1, τlc) is a topological inverse semigroup.
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